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Abstract: Underwater sound scattering by a rough sea surface, ice, or
a rough elastic bottom is studied. The study includes both the scattering
from the rough boundary and the elastic effects in the solid layer. A
coupled mode matrix is approximated by a linear function of one ran-
dom perturbation parameter such as the ice-thickness or a perturbation
of the surface position. A full two-way coupled mode solution is used to
derive the stochastic differential equation for the second order statistics
in a Markov approximation.
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1. Introduction
In this paper, scattering from a rough elastic boundary in an acoustic waveguide is
considered for a model with a linear dependence of the coupled mode matrix on one
random Gaussian parameter (Ref. 1). The purpose of this paper is to derive a stochas-
tic differential equation for second order statistics of the scattering acoustic field. The
random parameter can vary in nature, like a surface height deviation or a layer thick-
ness. The model is developed for range dependence, where the random parameter
remains statistically stationary and the mean modes can be used as an unperturbed
basis. The known, two-way, full coupled mode propagation theory is modified to an
unperturbed basis (Ref. 4). The theory gives a recursive matrix equation for the vector
with forward and backward propagation components. By reducing the step size to
zero, limiting differential equations are derived. The infinitesimal step justifies the
choice of a linear approximation. Next, the standard transport theory for the mode
correlation matrix follows (see Ref. 5, Appendix). Finally, the initial conditions are
corrected to meet the boundary conditions at the end of the propagation path.
2. Full coupled modes propagation, including backscattering
Let us assume that an ocean waveguide with sound speed c has a random bound-
ary. When considering vertical coherence, the three-dimensional stochastic problem
can be reduced to a two-dimensional problem for an ocean with horizontally isotro-
pic statistics under the conditions studied in Ref. 2. The solution of the problem has the
form of superposition of non-correlated waves propagating with different azimuthal
angles. For each azimuthal wave in cylindrical coordinates, the sound pressure satisfies
the Helmholtz equation with specific boundary conditions at the random boundaries, i.e.,
1
r
@
@r
r
@pðr; zÞ
@r
þ qðzÞ @
@z
1
qðzÞ
@pðr; zÞ
@z
þ k2ðzÞpðr; zÞ ¼ 0; (1)
where pðr; zÞ is the sound pressure; r is the range; z is the depth; qðzÞ is the water den-
sity; kðzÞ ¼ x=cðzÞ is the wave number; and x ¼ 2pf , where f is the signal frequency.
The sea surface and bottom boundary conditions are
p r; zð Þ þ Zixq
@pðr; zÞ
@z
 
z¼zs rð Þ
¼ 0; p r; zð Þ þ Zbixq
@pðr; zÞ
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 
z¼zb rð Þ
¼ 0; (2)
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where Z; Zb are the surface and bottom impedances. Acoustical impedance is the ratio
of (negative) pressure to the normal component of velocity. It has a known analytical
expression for many common cases, and depends on the elastic properties of the bot-
tom layers or surface ice (Ref. 3). The imaginary part of the impedance indicates
losses. Three cases can be considered: a rough sea surface, a rough elastic bottom, and
sea ice with random thickness.
Rough sea surface : pðr; zÞz¼zs rð Þ ¼ 0; p r; zð Þ þ
Zb
ixq
@pðr; zÞ
@z
 
z¼D
¼ 0; (3)
Rough elastic bottom : pðr; zÞz¼0 ¼ 0; p r; zð Þ þ
Zb
ixq
@pðr; zÞ
@z
 
z¼zb rð Þ
¼ 0; (4)
Sea ice with random thickness d
p r; zð Þ þ ZðzÞixq
@pðr; zÞ
@z
 
z¼zs rð Þ
¼ 0; p r; zð Þ þ Zbixq
@pðr; zÞ
@z
 
z¼D
¼ 0; (5)
where ZðzÞ ¼ ZðzðhÞÞ ¼ ZhðhðzÞÞ; ZhðhÞ is the impedance of ice with the thickness h.
For floating ice, h ¼ zðqwater=qiceÞ and the perturbation z depends on the ice thickness h
as z ¼ ðh h0Þðqwater=qiceÞ. For unperturbed ice, z0 ¼ 0 and Z0 ¼ Zh½h0 ¼ z0ðqwater=qiceÞ
(see Fig. 1).
The linear approximation to the last condition is given by
p r; z0ð Þ þ Z0ixq0
þ z z0ð Þ 1þ 1ixq0
@ZðzÞ
@z
  
@p r; z0ð Þ
@z
¼ 0; q0 ¼ q z ¼ 0ð Þ: (6)
The same approximation can be written for the two other less complicated cases.
The step-wise model is considered (see Fig. 1), and at step j an eigen-mode
expansion of the pressure field is utilized, of the form
pðr; zÞ ¼
XN
m¼1
amðrÞ~uj:mðzÞ; (7)
where N is the total number of modes with coefficients amðrÞ, and the mode functions
~umðzÞ are solutions of the perturbed problem,
qðzÞ @
@z
1
qjðzÞ
@~uj:m
@z
þ k2 zð Þ  k2m
 
~uj:m ¼ 0; (8)
with boundary conditions
p r; zð Þ þ Zixqj
@pðr; zÞ
@z
 !
z¼zs rð Þ
¼ 0; p r; zð Þ þ Zbixqj
@pðr; zÞ
@z
 !
z¼zb rð Þ
¼ 0: (9)
The km’s are the horizontal modal wave numbers. The transition and coupled mode
matrix coefficients are defined as
Fig. 1. Stepwise model.
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~clm ¼
ðz¼zs rð Þ
z¼zb rð Þ
~ujþ1;lðzÞ~uj;mðzÞ
qjþ1ðzÞ
dz; clm ¼
ðz¼zs rð Þ
z¼zb rð Þ
ulðzÞ~uj;mðzÞ
qðzÞ dz; (10)
where ulðzÞ are the unperturbed modes and ~ujþ1:lðzÞ; ~uj:mðzÞ are the perturbed modes.
Equations (7)–(9) for the unperturbed modes have the parameters of the unperturbed
boundary conditions. The unperturbed modes will be used in Eq. (19) and beyond.
The definition of the transition matrix Cjjþ1 ¼ f~clmg from section j to section j þ 1 is
similar to the coupled mode matrix Cj ¼ fclmg with the unperturbed modes used in
place of the perturbed modes from the Sec. 3, ~ujþ1:lðzÞ.
The approximation of a coupled mode matrix to a rough sea surface in an
analytical form was presented in Ref. 1. It was shown that the coupled mode coeffi-
cients include the derivative of the mode shape near the rough boundary and have a
linear dependence due to perturbation of the sea surface. The two other cases can be
considered similarly. However, the direct calculation of the coupled mode matrix does
not demand a large calculation input. The following example shows that the direct cal-
culation of coupled mode coefficients also shows a linear dependence on the perturba-
tion parameter. The sound velocity in this example is linearly increasing with depth
with a constant gradient cðzÞ ¼ 1500 0:34z; the water depth is 40m with a hard
boundary condition. The coupled mode coefficients of first three modes for a sinewave
signal with a frequency of 100Hz, altered by a sea surface perturbation, are shown in
Fig. 2.
The coupled mode coefficients in this case are calculated via an integral
instead of the mode shape derivatives from the formulas (Ref. 1). In both cases we
need a modal analysis, including calculations of the mode-functions. However, calcula-
tions based on integration are stable as opposed to using derivatives and therefore are
more preferable. A computation of the example indeed confirms that the coupled
mode coefficients depend linearly on the sea surface perturbations. The computation
conducted in both shows a linear dependence on the sea surface perturbation and gives
the values of derivatives of coupled mode coefficients over the perturbation parameter
(see Fig. 2).
For further analysis, we will also need the derivative of the wave number over
the sea surface, which can easily be found in the Wentzel–Kramers–Brillouin (WKB)
approximation ðh
D
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k20ðzÞ  k2m
q
dz ¼ const ¼ pðm 1=4Þ; (11)
@km
@z
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k20 hð Þ  k2m
q ,ðh
D
kmdzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k20ðzÞ  k2m
q ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk20 hð Þ  k2m
q
=D kmð Þ; (12)
where DðkmÞ is the cycle length corresponding to the propagating mode.
Full coupled mode solution in the perturbed basis. Following the full coupled
mode method by Evans,4 we will search for the general solution in each azimuthal
direction as a product of two functions ~aj;mH
ð1Þ
j;mðrÞ þ ~bj;mHð2Þj;mðrÞ with the perturbed
mode ~uj;mðzÞ:
pj

r; z
 ¼XN
m¼1
ð~aj;mHð1Þj;mðrÞ þ ~bj;mHð2Þj;mðrÞÞ~uj;mðzÞ; (13)
Fig. 2. Coupled mode coefficients for a three first modes of 100Hz acoustic wave (1,2), (1,3), (2,1), (2,3), (3,1),
and (3,2).
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where ~aj;m; ~bj;m are the coefficients for the propagating modes H
ð1Þ
j;mðrÞ~uj;mðzÞ;
Hð2Þj;mðrÞ~uj;mðzÞ in both directions. Here Hð1Þj;mðrÞ;Hð2Þj;mðrÞ are the scaled Hankel functions
Hð1Þj;mðrÞ ¼ Hð1Þ0 ðkj;mrÞ=Hð1Þ0 ðkj;mrj1Þ; Hð1Þj;mðrÞ ¼ Hð2Þ0 ðkj;mrÞ=Hð2Þ0 ðkj;mrj1Þ: (14)
The equation for the discontinuity of the sound pressure at each interface has the fol-
lowing form:
ð~ajþ1 þ ~bjþ1Þ ¼ Cjjþ1ðHð1Þj ðrjÞ~aj þHð2Þj ðrjÞ~bjÞ: (15)
For the continuity of radial particle velocity, we have the following condition:
ð~ajþ1  ~bjþ1Þ ¼ k1jþ1Cjjþ1kjðH ð1Þj ðrjÞ~aj H ð2Þj ðrjÞ~bjÞ; (16)
where ~ajþ1; ~bjþ1 are the vectors obtained from the perturbed mode coefficients
~ajþ1 ¼ f~ajþ1;mg; ~bjþ1 ¼ f~bjþ1;mg; C jjþ1 ¼ f~clmg is the transition matrix from section j
to j þ 1; and kj ¼ diag½kj;1; :::; kj;N  is the diagonal matrix of modal wave numbers. The
matrices with bidirectional propagating modes Hð1Þj ðrÞ;Hð2Þj ðrÞ are diagonal: Hð1Þj ðrÞ
¼ diag½H^ ð1Þj;1 ðrÞ; :::; H^
ð1Þ
j;NðrÞ;H ð2Þj ðrÞ ¼ diag½H^
ð2Þ
j;1 ðrÞ; :::; H^
ð2Þ
j;NðrÞ.
Combining these equations gives
~ajþ1 ¼ 0:5 fCjjþ1 þ k1jþ1Cjjþ1kjgHð1Þj ðrjÞ~aj þ fCjjþ1  k1jþ1Cjjþ1kjgHð2Þj ðrjÞ~bj
h i
; (17)
~bjþ1 ¼ 0:5 fCjjþ1  k1jþ1Cjjþ1kjgHð1Þj ðrjÞ~aj þ fCjjþ1 þ k1jþ1Cjjþ1kjgHð2Þj ðrjÞ~bj
h i
: (18)
Transition to an unperturbed basis. In our previous publications we have considered
the stochastic coupled mode equations on the unperturbed basis fulðzÞg. That approach is
very convenient, but it is correct only when the gradient of perturbation along the wave propa-
gation direction is small. In the general case, we have to change mode functions from step to
step. However, at each step we can transform the basis functions to a set of mode functions
fulðzÞg corresponding to the average level of perturbation. We will assume that over some
limited interval of ranges the boundary perturbations are a stationary Gaussian process. For a
statistically stationary range, the mean value of the modes can be used as the unperturbed
basis. The basis transformation equations are
aj ¼ Cj~aj ; bj ¼ Cj~bj; (19)
where C jjþ1 ¼ fclmg is the coupled mode matrix.
ajþ1 ¼ 0:5ðCjþ1ðCjjþ1 þ k1jþ1Cjjþ1kjÞHð1Þj ðrjÞC1j aj
þ Cjþ1ðCjjþ1  k1jþ1Cjjþ1kjÞHð2Þj ðrjÞC1j bjÞ; (20)
bjþ1 ¼ 0:5ðCjþ1ðCjjþ1  k1jþ1Cjjþ1kjÞHð1Þj ðrjÞC1j aj
þ Cjþ1ðCjjþ1 þ k1jþ1Cjjþ1kjÞHð2Þj ðrjÞC1j bjÞ: (21)
Linear dependence on the perturbation parameter. Suppose that the derivative
of the coupled mode matrix over the perturbation parameter exists and, in a limited
range, the variation of the coupled mode matrix is proportional to the perturbation
parameter. For a step size approaching zero, the coupled mode matrix and transition
matrices can be approximated by a linear function of one random stationary Gaussian
parameter h, such as ice-thickness or the perturbation of the surface elevation.
C jþ1  1 hjþ1C 0h; C1jþ1  1þ hjþ1C 0h; C jjþ1  1þ dhC 0h where C 0h ¼ dC=dh: (22)
The modal wave numbers are also considered as a linear function of the perturbations
kj  k0 þ hjk0h; k1jþ1  k10 ð1 hjþ1k10 k0hÞ; where k0h ¼ dk=dh: (23)
The propagator components in the linear approximation areﬃﬃﬃ
rj
p
Hð1Þj ðrjÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p ð1þ iðk0 þ hjk0hÞdr;
ﬃﬃﬃ
rj
p
Hð2Þj ðrjÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p ð1 iðk0 þ hjk0hÞdr: (24)
An infinitesimal step differential equation. We will now consider the linear
approximation of the perturbation at infinitesimal steps by using a step-wise coupled
mode model. The linearized equations have the following form:
A. K. Morozov and J. A. Colosi: JASA Express Letters [http://dx.doi.org/10.1121/1.5002734] Published Online 22 September 2017
J. Acoust. Soc. Am. 142 (3), September 2017 A. K. Morozov and J. A. Colosi EL295
ﬃﬃﬃ
rj
p
ajþ1  ½f1 0:5dhðC 0h þ k10 ðk0h C 0hk0ÞÞ þ iðk0 þ hk0hÞdrgaj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
 0:5dhfC 0h  k10 ðk0h C 0hk0Þgbj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p ;ﬃﬃﬃ
rj
p ~bjþ1  ½0:5dhfC 0h  k10 ðk0h C 0hk0Þgaj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
þ f1 0:5dhðC 0h þ k10 ðk0h C 0hk0ÞÞ  iðk0 þ hk0hÞdrgbj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p ;
ajþ1
ﬃﬃﬃ
rj
p
bjþ1
ﬃﬃﬃ
rj
p
" #

aj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
bj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
" #
¼
 
0:5dh C
0
h þ k10 ðk0h C 0hk0Þ C 0h  k10 ðk0h C 0hk0Þ
C 0h  k10 ðk0h C 0hk0Þ C 0h þ k10 ðk0h C 0hk0Þ
2
4
3
5
þidr
k0 þ hk0 0
0 k0  hk0h
" #!
aj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
bj
ﬃﬃﬃﬃﬃﬃﬃﬃ
rj1
p
" #
:
The compact matrix form is
A^b ¼
a
ﬃﬃ
r
p
b
ﬃﬃ
r
p
" #
; C ¼ C
0
h þ k10 ðk0h  C 0hk0Þ C 0h  k10 ðk0h  C 0hk0Þ
C 0h  k10 ðk0h  C 0hk0Þ C 0h þ k10 ðk0h  C 0hk0Þ
2
4
3
5;
W ¼
k0 0
0 k0
" #
; W 0¼
k0h 0
0 k0h
" #
:
The matrix equation thus has a form
d
dr
A^b ¼ þiW þ ihW 0  0:5C dhdr
 
A^b: (25)
In the Dirac interaction representation
Ab ¼ expðiWrÞA^b; Q ¼ i0:5 expðiWrÞC expðiWrÞ; G ¼ hW 0 þ h0rQ
	 

; (26)
d
dr
Ab ¼ i hW 0 þ h0rQ
	 

Ab ¼ iGAb: (27)
3. Stochastic differential equations
Let us consider the matrix differential equation for the full coupled mode equations
d
dr
Ab ¼ iG rð ÞAb: (28)
The matrix GðrÞ is a stationary, complex, statistical Gaussian process with a given
mean value and correlation. The matrix G depends on the range r and the equation
has a solution in the form of a space ordered matrix exponent. The known equation
(Ref. 5) for the mean value hAbi in the Markov approximation has the form
d
dr
hAbi ¼
*
G

r
 ðr
0
Gðr0Þdr0
+
hAbi; ddr hAbi ¼
ðr
0
hGðrÞGðr nÞdnihAbi: (29)
The second order moment equation follows from the equation for random variable
c ¼ AbAbH , where superscript H denotes the Hermitian transpose (conjugation and
transposition). Thus
@AbAbH
@r
¼ i GAbAbH  AbAbHGH
 
;
@c
@r
¼ i Gc cGH
 
;
@~c
@r
¼ i ~G~c; (30)
where column vector ~c ¼ fcig is formed by consecutively stacking the columns of c, in one
column in accordance with the rule: i ¼ mþ ðn 1Þ N, and ~G ¼ ðI  G  G  IÞ;
where  is the Kronecker tensor product.
The equation for the second order momentum in a Markov approach is
known
dh~ci
dr
¼ 
ð1
0
h ~G ðrÞ ~G ðr nÞidnh~ci; (31)
where
hci ¼ haa
Hi habHi
hbaHi hbbHi
" #
; a ¼ expðik0rÞ
ﬃﬃ
r
p
a; b ¼ expðik0rÞ
ﬃﬃ
r
p
b: (32)
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4. Solutions
The equation for the correlation matrix of mode coefficients in the above vector repre-
sentation has the form
@h~ci
@r
¼
"
I 
ð1
0
hðGðrÞG r nð Þidn
 

" ð1
0
hðG rð ÞG r nð Þidn
#
 I
þ
ð1
0
hGðrÞ  G r nð Þidnþ
ð1
0
hG r nð Þ  G rð Þidn
#
h~ci: (33)
In terms of the matrix G the equation has another more convenient form
@hci
@r
¼ 
ð1
0
hG rð ÞG r nð Þidnhci  hci
ð1
0
hG rð ÞG r nð ÞiHdn
þ
ð1
0
hG r nð ÞhciGH rð Þidnþ
ð1
0
hG rð ÞhciGH r nð Þidn : (34)
For a statistically stationary Gaussian process, the equation can be formulated in
terms of the rough boundary spectrum,
@hci
@r
¼ W 0W 0hci  hci W 0W 0ð ÞH þ 2W 0hciW 0H
 
Shh 0ð Þ
þ W 0hci  hciW 0H
 
QH rð Þ Q rð Þ W 0hci  hciW 0H
  
Shh0 0ð Þ
i0:5 W 0 exp iWrð ÞShh0 exp iWrð Þhci þ hci exp iWrð ÞSHhh0 exp iWrð ÞW 0H

 exp iWrð ÞShh0 exp iWrð ÞhciW 0H W 0hci exp iWrð ÞSHhh0 exp iWrð ÞÞ
0:25 exp iWrð ÞCSh0h0 exp iWrð Þhci þ hci exp iWrð ÞSHh0h0CH exp iWrð Þ
 
 exp iWrð ÞSh0h0 exp iWrð ÞhciQH rð Þ Q rð Þhci exp iWrð ÞSHh0h0 exp iWrð Þ

; (35)
Shh0 ¼
ð1
0
expðiWnÞCKhh0 ðnÞhh
0
expðiWnÞdn ¼ fShh0 ðwi  wjÞcijg; (36)
Sh0h0 ¼
ð1
0
expðiWnÞCKh0h0 ðnÞh
0h0 expðiWnÞdn ¼ fSh0h0 ðwi  wjÞcijg; (37)
Khh ¼ hhðrÞhðr nÞi; Kh0h ¼ hh0ðrÞhðr nÞi; Khh0 ¼ hhðrÞh0ðr nÞi;
Kh0h0 ¼ hh0ðrÞh0ðr nÞi: (38)
Here ShhðwÞ; Sh0h0 ðwÞ; Shh0 ðwÞ; Sh0hðwÞ are the power spectra of the surface perturba-
tion and its slope
Sh0h0 ðwÞ ¼
ð1
0
expðiwnÞKh0h0 ðnÞdn; ShhðwÞ ¼
ð1
0
expðiwnÞKhhðnÞdn;
Shh0 ðwÞ ¼
ð1
0
expðiwnÞKhh0 ðnÞdn; Shh0 ðwÞ ¼
ð1
0
expðiwnÞKhh0 ðnÞdn : (39)
The equation derived relates the mode coefficient (for both directions) correlation
matrix with the weighted power spectrum of the surface slopes S ¼ fSh0 ðwi  wjÞcijg,
depending on the wave number difference. The indices have the form i ¼ i0
þbN; i0 ¼ 1; 2; :::;N, where b ¼ 0 for a forward propagating mode and b ¼ 1 for a
backscattering mode. The wave numbers are positive for forward propagation and nega-
tive for backward propagation. In each specific example, that equation can be simplified.
For example, in a case of scattering from a rough sea surface with a Pierson–Moskowitz
spectrum, the spectra at zero frequency Shhð0Þ;Shh0 ð0Þ are practically equal to zero and
the two first lines in Eq. (35) disappear. In the general case, Eq. (33) has no analytical
matrix exponential solution and can be solved only by direct recursion of the equation
by steps in range larger than the correlation radius.
5. Boundary conditions
Suppose the initial modes are not correlated and the initial condition of the correlation
matrix hci is the identity matrix. Using the differential equation for mode correlation,
we can get a solution in the form of a matrix
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cjr¼R ¼
haaHi habHi
hbaHi hbbHi
" #
¼ Caa Cab
Cba Cbb
" #
: (40)
This matrix is the fundamental solution and each particular solution can be presented
in the form of the next linear operator
hcir¼R ¼
Caa Cab
Cba Cbb
" #
hci0 ;
a b
bH c
" #
¼ Caa Cab
Cba Cbb
" #
a0 b0
bH0 c0
" #
; (41)
where
a0 ¼ haaHir¼0; c ¼ hbbHir¼R; b ¼ habHir¼R: (42)
The problem has been determined if the boundary conditions are defined, a0; c; b.
These give the equations for the complete initial matrix hci0,
Cbab0 þ Cbbc0 ¼ c; Cbaa0 þ CbbbH0 ¼ bH : (43)
All components of the initial correlation matrix hci0 can be found from these equations
and the linear problem with boundary conditions transforms to the simple problem
with the initial conditions. Specifically,
bH0 ¼ Cbb1ðbH  Cbaa0Þ; c0 ¼ Cbb1ðc Cbab0Þ: (44)
For example, the boundary conditions for a perfect match at the end of the range,
when there are no reflections back, have the form a0; c ¼ 0; b ¼ 0. The initial condi-
tions for a perfectly matched layer (PML) are
bH0 ¼ C1bb Cbaa0; b0c0 ¼ Cbb1Cbab0: (45)
The problem with the PML final boundary condition is
hcir¼R ¼
Caa Cab
Cba Cbb
" #
a0 aH0 CHbaC1bb H
C1bb Cbaa0 Cbb1Cbab0
" #
: (46)
6. Conclusion
Sound scattering from rough elastic boundaries in an underwater waveguide has been
considered. We have shown that the coupled mode matrix is equal to the product of a
random Gaussian parameter and a constant deterministic matrix. Such an approach
includes scattering from a rough sea surface, random ice-sea water interface, or the
elastic bottom. A full two-way coupled mode solution was used for this model to
derive the stochastic differential equations for the second order statistics in a Markov
approximation. A model has the form of a two-way differential stochastic equation for
the correlations of the normal mode coefficients. The derived equation relates the cor-
relation matrix of the mode coefficients (for both directions) with the spectrum of the
boundary perturbations, with the argument in the form of the coupled mode coeffi-
cients multiplied by the corresponding modal wave number differences. The results can
be used for the estimation of sound attenuation in long-range under-ice propagation or
of seismic waves in an underwater waveguide with random bathymetry.
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